Absence of wave operators for one-dimensional quantum walks by Wada, Kazuyuki
Absence of wave operators for one-dimensional
quantum walks
Kazuyuki Wada
Department of General Science and Education,
National Institute of Technology, Hachinohe college.
Hachinohe, 039-1192, Japan.
E-mail address: kazuyuki.dawa@gmail.com
Key words: Scattering theory, Wave operator, Quantum walk.
2010 AMS Subject Classification: 46N50, 47A40.
Abstract
We show that there exist pairs of two time evolution operators which do not have
wave operators in a context of one-dimensional discrete time quantum walks. As a
consequence, the borderline between short range type and long range type is decided.
1 Introduction
We consider a discrete time quantum walk on Z. Let H := l2(Z;C2) be a Hilbert space
and U := SC be the unitary time evolution operator of quantum walks. Here S is a shift
operator and C is a coin operator. The axiom of quantum walks is introduced in [12] and
the classification of one-dimensional quantum walks is considered in [7]. Quantum walks
have been introduced as a quantum counter part of classical random walks [1,4]. It is
known that the behavior of quantum walks is different from classical random walks. One
of differences appears in a weak limit theorem which is regarded as a quantum walk version
of central limit theorem. Konno firstly proved this theorem if a coin operator is position
independent of Z [6]. An interesting consequence is that the shape of a limit distribution in
quantum walks is different from the normal distribution which can be derived from central
limit theorem for classical random walks. After that, several researchers extend his result
[see e.g. 3,10,11,13]. According to [3], the asymptotic velocity operator plays important
roles to get weak limit theorems. Moreover in [3], the explicit form of the asymptotic
velocity operator of position independent quantum walks is established through discrete
Fourier transforms.
In this paper, we mainly consider a position dependent quantum walk. Namely, C is
a multiplication operator by a unitary matrix C(x) ∈ U(2), x ∈ Z. If C depends on a
position x ∈ Z, it is difficult to know the form of asymptotic velocity operator since the
discrete Fourier transform does not work. To overcome this difficulty, Suzuki introduced
the discrete time wave operator for quantum walks in [13]. Suppose that there exist
C0 ∈ U(2) and constants , κ > 0 such that
‖C(x)− C0‖B(C2) ≤ κ(1 + |x|)−1−, x ∈ Z, (1.1)
where ‖ · ‖B(C2) is the operator norm on C2. We set U0 := SC0. In [10, 11,13], the above
type condition is called the short range type condition. Under this condition, following
wave operators exist and are complete:
W±(U,U0) := s-lim
t→±∞U
−tU t0Πac(U0), (1.2)
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where s-lim denotes the strong limit and Πac(U0) denotes the orthogonal projection onto
the absolutely continuous subspace of U0. Moreover in [13], Suzuki introduced the asymp-
totic velocity operator by using above wave operators and derived the weak limit theorem
for position dependent cases. This result is extended in several models (see e.g. [10, 11]).
The main problem in this paper is the existence or non-existence of wave operators if
C and C0 satisfy
‖C(x)− C0‖B(C2) ≤ κ(1 + |x|)−γ , x ∈ Z, (1.3)
for some κ > 0 and γ ∈ (0, 1]. Then we say that C and C0 satisfy the long range type
condition. In a context of Schro¨dinger operators, it is known that if a potential slowly
converges to 0 at infinity, then the wave operator does not exist in general [2, 5, 8, 9].
From this fact, it is expected that similar situations occur in a context of quantum walks.
Consequently, this expectation is true. In other words, there exist examples of U and U0
such that wave operators do not exist. Therefore we can conclude that the borderline
between short range type and long range type is γ = 1. Some results related to non-
existence of wave operators are known in a context of Schro¨dinger operators [2, 5, 8, 9].
In these cases, we can expect the borderline between short range type condition and long
range type condition from the large time behavior of a classical orbit of a particle. For
these heuristic arguments, see e.g. [5].
To show the non-existence of wave operators, we employ the argument introduced
by Ozawa [8]. We need careful treatments since the time evolution is discrete. If C0 is
diagonal, then the proof is quite simple since the motion of a quantum walker is simple
(Remark 3.1). On the other hand, if C0 is not diagonal, then the proof is complicated.
Let Q be the position operator on Z, Q(t) be the Heisenberg operator of Q by U0 and
V0 be the asymptotic velocity operator of U0. Roughly speaking, the weak limit theorem
says that Q(t)/t converges to V0 as t→∞ in a suitable sense. To complete the proof, this
fact is crucial. Key lemmas related to the weak limit theorem are stated in Lemma 3.1
and Lemma 3.3.
Contents of this paper are as follows. In section 2, we review notation for quantum
walks and state the main result. In section 3 we give a proof of the main result.
2 Main result
In this section we review notation for quantum walks and state the main result in this
paper. The Hilbert space is given by
H := l2(Z;C2) =
{
Ψ : Z→ C2
∣∣∣∑
x∈Z
‖Ψ(x)‖2C2 <∞
}
, (2.1)
where ‖ · ‖C2 is the norm on C2. We denote its inner product and norm by 〈·, ·〉H (linear
in the right vector) and ‖ · ‖H, respectively. If there is no danger of confusion, then we
omit the subscript H of them. We introduce the following dense subspace of H:
H0 := {φ ∈ H|∃N ∈ N such that φ(x) = 0 for all |x| ≥ N}. (2.2)
Next we introduce two unitary operators U and U0. For Ψ ∈ H, the shift operator S is
defined by
(SΨ)(x) :=
[
Ψ(1)(x+ 1)
Ψ(2)(x− 1)
]
, x ∈ Z. (2.3)
For C0 ∈ U(2) and γ > 0, we introduce the following coin operator C:
(CΨ)(x) := C(x)Ψ(x), C(x) := ei(1+|x|)
−γ
C0, x ∈ Z, (2.4)
where i is the imaginary unit. Throughout in this paper, we identify C0 as a unitary
operator on H such that (C0Ψ)(x) = C0Ψ(x), x ∈ Z. We set U := SC and U0 := SC0.
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Let ‖ · ‖B(C2) be the operator norm on C2. For any x ∈ Z, it is seen that
1
2
(1 + |x|)−γ ≤ ‖C(x)− C0‖B(C2) ≤ (1 + |x|)−γ . (2.5)
For any C0 ∈ U(2), C0 has a form of
C0 =
[
a b
−eiδb∗ eiδa∗
]
, (2.6)
where eiδ (δ ∈ [0, 2pi)) is the determinant of C0 and for z ∈ C, z∗ denotes the complex
conjugate of z. We note that a and b satisfy |a|2 + |b|2 = 1.
Remark 2.1. In this paper, our goal is to find the example of (U,U0) such that wave
operators do not exist. Thus we only consider the coin operator introduced by (2.4).
Let A be a unitary or self-adjoint operator on H. The sets σ(A), σp(A), σc(A) and
σac(A) are called spectrum, pure point spectrum, continuous spectrum and absolutely
continuous spectrum of A, respectively. For spectral properties of U0, following facts are
known:
Proposition 2.1. [10, Lemma 4.1 and Proposition 4.5]
1. If |a| = 1, then U0 has purely absolutely continuous spectrum and σ(U0) = σac(U0) =
{eiτ |τ ∈ [0, 2pi)}.
2. If 0 < |a| < 1, U0 has purely absolutely continuous spectrum and
σ(U0) = σac(U0) = {eiτ |τ ∈ [δ/2 + τ, pi + δ/2− τ ] ∪ [pi + δ/2 + τ, 2pi + δ/2− τ ]},
where θ := arccos |a|.
3. If a = 0, then U0 has pure point spectrum and σ(U0) = σp(U0) = {ieiδ/2,−ieiδ/2}.
We are interested in cases |a| = 1 and 0 < |a| < 1. The main result is as follows:
Theorem 2.1. For any a ∈ C with 0 < |a| ≤ 1 and γ ∈ (0, 1], s-lim
t→±∞U
−tU t0 does not exist.
From Theorem 2.1, we can conclude that the borderline between short range type and
the long range type is γ = 1.
3 Proof of Theorem 2.1
In this section we prove Theorem 2.1. First of all, we assume that |a| = 1. Then b = 0
since C0 is unitary matrix. Thus C0 has a form of
C0 =
[
a 0
0 a∗
]
.
Remark 3.1. Since C0 is diagonal, the motion of a quantum walker by U0 is as follows:
1. An element of a set
{
Ψ ∈ H
∣∣∣Ψ(x) = [Ψ(1)(x)
0
]
, x ∈ Z
}
only moves to left.
2. An element of a set
{
Ψ ∈ H
∣∣∣Ψ(x) = [ 0
Ψ(2)(x)
]
, x ∈ Z
}
only moves to right.
3
Proof of Theorem 2 (|a| = 1). We only consider the case t → ∞. The other case is also
proven by the similar manner. We take φ ∈ H0. Then there exists M ∈ N such that
φ(x) = 0 if |x| > M . Suppose that φ+ := limt→∞ U−tU t0φ exists. Since ‖U tφ+ − U t0φ‖ =
‖φ+ − U−tU t0φ‖ → 0 (as t → ∞), we can take N ∈ N so that ‖U tφ+ − U t0φ‖ ≤ ‖φ‖2/4 if
t ≥ N . We set W (t) := U−tU t0. Then it follows that
W (t2)−W (t1) =
t2∑
t=t1+1
U−t(U0 − U)U t−10 , t2 > t1 > 0. (3.1)
For t2 > t1 > max{2M,N}+1, we have
Im〈{W (t2)−W (t1)}φ, φ+〉
=
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U t0φ〉+
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U tφ+ − U t0φ〉
=
t2∑
t=t1+1
Im〈(C0 − C)U t−10 φ,C0U t−10 φ〉+
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U tφ+ − U t0φ〉
=
t2∑
t=t1+1
∑
x∈Z
sin(1 + |x|)−γ‖(U t−10 φ)(x)‖2C2 +
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U tφ+ − U t0φ〉,
where Imz is the imaginary part of z ∈ C. By t ≥ 2M+1 and Remark 3.1, the intersection
of a support of U t−10 φ and {−t+M, · · · , t−M} is empty. Thus we have
Im〈{W (t2)−W (t1)}φ, φ+〉
≥ ‖φ‖
2
2
t2∑
t=t1+1
(1 + t−M)−γ −
t2∑
t=t1+1
‖(C0 − C)U t−10 φ‖‖U tφ+ − U t0φ‖
≥ ‖φ‖
2
2
t2∑
t=t1+1
(1 + t−M)−γ − ‖φ‖
2
4
t2∑
t=t1+1
(1 + t−M)−γ
=
‖φ‖2
4
t2∑
t=t1+1
(1 + t−M)−γ →∞ (as t2 →∞).
On the other hand, Im〈(W (t2)−W (t1))φ, φ+〉 is bounded by 2‖φ‖2. This is a contradiction.
Hereafter, we assume that 0 < |a| < 1. In this case, we need more preparations. We
set the Hilbert space K := L2([0, 2pi), dk2pi ;C2) and F : H → K be the discrete Fourier
transform which is the unitary operator defined as the unique continuous extension of the
following operator:
(Fφ)(k) :=
∑
x∈Z
φ(x)e−ikx, φ ∈ H0, k ∈ [0, 2pi). (3.2)
In what follows, we denotes the image of the discrete Fourier transform of φ ∈ H by φˆ.
We define Uˆ0 := FU0F−1. Uˆ0 is decomposable and it follows that
(Uˆ0f)(k) = Uˆ0(k)f(k) with Uˆ0(k) =
[
eik 0
0 e−ik
]
C0, f ∈ K, a.e. k ∈ [0, 2pi). (3.3)
We denote an eigenvalue and a correspond normalized eigenvector by λj(k) and uj(k)
(j = 1, 2), respectively. We set
τ(k) := |a| cos(k + arg(a)− δ/2),
η(k) :=
√
1− τ(k)2,
ζ(k) := |a| sin(k + arg(a)− δ/2),
4
where arg(z) ∈ [0, 2pi) is the argument of z ∈ C. It is known that λj(k) and uj(k) can be
expressed as
λj(k) = e
iδ{τ(k)+i(−1)j−1η(k)}, uj(k) =
√
η(k) + (−1)j−1ζ(k)
|b|√2η(k)
[
i|b|ei(k+arg(b)−δ/2)
ζ(k) + (−1)jη(k)
]
, (j = 1, 2).
(3.4)
For details, see e.g.[10]. From (3.4), Uˆ0(k) is expressed as
Uˆ0(k) =
∑
j=1,2
λj(k)〈uj(k), ·〉C2uj(k), k ∈ [0, 2pi), (3.5)
Remark 3.2. It is seen that λj(k) is a 2pi periodic C
∞ function in the variable k and
C2-valued function uj(k) is also a 2pi periodic C∞ function in the variable k. Moreover
following quantities are finite:
sup
0≤k<2pi
|λ′j(k)|, |λ′′j (k)| <∞, sup
0≤k<2pi
‖uj(k)‖C2 <∞, (j = 1, 2),
where λ′j(k) and u
′
j(k) are derivatives of λj(k) and uj(k), respectively and λ
′′
j (k) is the
second derivative of λj(k). These facts are used in latter lemmas.
Next we introduce the asymptotic velocity operator of U0. We denote it by V0 and is
given by
(V̂0f)(k) :=
∑
j=1,2
iλ′j(k)
λj(k)
〈uj(k), fˆ(k)〉C2uj(k), f ∈ H, k ∈ [0, 2pi).
We note that V0 is bounded and self-adjoint on H.
Proposition 3.1. [10, Lemma 4.2 (b)] If 0 < |a| < 1, then σp(V0) = φ and σ(V0) =
σc(V0) = [−|a|, |a|].
Let us denote a subspace of vectors φ ∈ D whose discrete Fourier transform φˆ is
differentiable in a variable k and
sup
k∈[0,2pi)
∥∥∥ d
dk
φˆ(k)
∥∥∥ <∞.
Let Q be a position operator defined by
dom(Q) :=
{
φ ∈ H
∣∣∣∑
x∈Z
x2‖φ(x)‖2C2 <∞
}
, (Qφ)(x) := xφ(x), x ∈ Z, φ ∈ D(Q),
where dom(Q) is the domain of Q. We set Q(t) := U−t0 QU
t
0 and D := FQF−1. For φ ∈ D,
it is seen that (Dφˆ)(k) = i
d
dk
φˆ(k). Following lemmas are important in our analysis:
Lemma 3.1. For any φ ∈ D, there exists a constant κ1 > 0 which is independent of t
such that ∥∥∥Q(t)
t
φ− V0φ
∥∥∥ ≤ κ1t−1, t ∈ Z \ {0}.
Proof. Although it is established in the proof of Theorem 4.1 in [13], we give a proof for
completeness. By the discrete Fourier transforms, it is seen that∥∥∥(Q(t)
t
−V0
)
φ
∥∥∥2 = ∫ 2pi
0
∥∥∥Uˆ(k)−t i
t
d
dk
(
Uˆ(k)tφˆ(k)
)
−
∑
j=1,2
iλ′j(k)
λj(k)
〈uj(k), φˆ(k)〉C2uj(k)
∥∥∥
C2
dk
2pi
.
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From (3.5), it is seen that
Uˆ(k)−t
i
t
d
dk
{
Uˆ(k)tφˆ(k)
}
= Uˆ(k)−t
i
t
d
dk
( ∑
j=1,2
λj(k)
t〈uj(k), φˆ(k)〉C2uj(k)
)
=
∑
j=1,2
iλ′j(k)
λj(k)
〈uj(k), φˆ(k)〉C2uj(k)
+
i
t
Uˆ(k)−t
∑
j=1,2
λj(k)
t d
dk
(
〈uj(k), φˆ(k)〉C2uj(k)
)
.
Therefore we have∥∥∥(Q(t)
t
− V0
)
φ
∥∥∥2 = 1
t2
∫ 2pi
0
∥∥∥ ∑
j=1,2
λj(k)
t d
dk
(
〈uj(k), φˆ(k)〉C2uj(k)
)∥∥∥2
C2
dk
2pi
.
By the definition of D and Remark 3.2, we have
sup
0≤k<2pi
∥∥∥ d
dk
(
〈uj(k), φˆ(k)〉C2uj(k)
)∥∥∥
C2
<∞.
Thus we have the desired inequality.
Lemma 3.2. For any φ ∈ D, there exist positive constants L1 and L2 such that for any
z ∈ C with Imz 6= 0,∥∥∥(V0 − Q(t)
t
)
(z − V0)−1φ
∥∥∥ ≤ (L1|Imz|−1 + L2|Imz|−2|)|t|−1, t ∈ Z \ {0}.
Proof. By the discrete Fourier transform, it is seen that∥∥∥(V0 − Q(t)
t
)
(z − V0)−1φ
∥∥∥2
=
1
t2
∫ 2pi
0
∥∥∥ ∑
j=1,2
λj(k)
t d
dk
((
z − iλ
′
j(k)
λj(k)
)−1〈uj(k), φˆ(k)〉C2uj(k))∥∥∥2C2 dk2pi . (3.6)
A direct calculation yields that
d
dk
((
z − iλ
′
j(k)
λj(k)
)−1〈uj(k), φˆ(k)〉C2uj(k))
= −
(
z − iλ
′
j(k)
λj(k)
)−2 d
dk
( iλ′j(k)
λj(k)
)
〈uj(k), φˆ(k)〉C2uj(k)
+
(
z − iλ
′
j(k)
λj(k)
)−1 d
dk
(
〈uj(k), φˆ(k)〉uj(k)
)
= −i
(
z − iλ
′
j(k)
λj(k)
)−2λ′′j (k)λj(k)− (λ′j(k))2
λj(k)2
〈uj(k), φˆ(k)〉C2uj(k)
+
(
z − iλ
′
j(k)
λj(k)
)−1 d
dk
(
〈uj(k), φˆ(k)〉uj(k)
)
.
By the definition of D and Remark 3.2, there exist constants C1 and C2 such that
sup
0≤k<2pi
∥∥∥ d
dk
((
z − iλ
′
j(k)
λj(k)
)−1〈uj(k), φˆ(k)〉C2uj(k))∥∥∥2C2 ≤ C1|Imz|−1 + C2|Imz|−2. (3.7)
From (3.6) and (3.7), we have the desired result.
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We introduce the following set of functions:
C∞0 (R) := {f ∈ C∞(R)|f has a compact support}.
Lemma 3.3. For any G ∈ C∞0 (R) and φ ∈ D, there exists a constant κ2 > 0 which is
independent of t such that∥∥∥G(Q(t)
t
)
φ−G(V0)φ
∥∥∥ ≤ κ2t−1, t ∈ Z \ {0}.
Proof. We apply the Helffer-Sjo¨srand formula[2]. For a self-adjoint operator A, it follows
that
G(A) =
1
2pii
∫
C
(∂G˜)(z)(z −A)−1dzdz, (3.8)
where z = x + iy, ∂ = 12(∂x + i∂y) and G˜ is the almost analytic extension of G which
satisfies following properties:
1. G˜(x) = G(x) if x ∈ R,
2. G˜ is infinitely many differentiable in x and y,
3. A support of G˜ is compact in C,
4. For any N ∈ N, there exists a constant CN such that |∂G˜(z)| ≤ CN |Imz|N .
We note that the integral on the right hand side of (3.8) is taken in the sense of operator
norm topology. By using it, we have∥∥∥G(Q(t)
t
)
φ−G(V0)φ
∥∥∥
≤ 1
2pi
∫
C
|(∂G˜)(z)|
∥∥∥(z − Q(t)
t
)−1∥∥∥∥∥∥(V0 − Q(t)
t
)
(z − V0)−1φ
∥∥∥dzdz
≤ 1
2pi
∫
C
|(∂G˜)(z)||Imz|−1
∥∥∥(V0 − Q(t)
t
)
(z − V0)−1φ
∥∥∥dzdz.
From Lemma 3.2, there exist positive constants L1 and L2 such that∥∥∥(V0 − Q(t)
t
)
(z − V0)φ
∥∥∥ ≤ (L1|Imz|−1 + L2|Imz|−2)|t|−1, t 6= 0.
By the property of G˜, there exists a constant C3 > 0 such that |(∂G˜)(z)| ≤ C3|Imz|3.
Since the support of G˜ is compact, we have∥∥∥G(Q(t)
t
)
φ−G(V0)φ
∥∥∥ ≤ 1
2pi
∫
C
|∂G˜(z)||Imz|−1(L1|Imz|−1 + L2|Imz|−2)|t|−1dzdz
≤ |t|−1 × C3
2pi
∫
suppG˜
(
L1|Imz|+ L2
)
dzdz︸ ︷︷ ︸
:=κ2
,
where suppG˜ is the support of G˜. Thus the Lemma follows.
Lemma 3.4. For φ ∈ D, there exists a constant κ3 > 0 such that for any t ∈ Z \ {0},
Im〈(U0 − U)U t−10 φ,U t0φ〉 ≥
1
2
(1 + |2t|)−γ(1− |a|2)‖φ‖2 − κ3t−2. (3.9)
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Proof. It follows that
Im〈(U0 − U)U t−10 φ,U t0φ〉
=
∑
|x|<2t
sin(1 + |x|)−γ‖(U t−10 φ)(x)‖2C2 +
∑
|x|≥2t
sin(1 + |x|)−γ‖(U t−10 φ)(x)‖2C2
≥ 1
2
(1 + |2t|)−γ‖φ‖2 +
∑
|x|≥2t
(
sin(1 + |x|)−γ − sin(1 + |2t|)−γ
)
‖(U t−10 φ)(x)‖2C2
≥ 1
2
(1 + |2t|)−γ‖φ‖2 − (1 + |2t|)−γ
∑
|x|≥2t
‖(U t−10 φ)(x)‖2C2
≥ 1
2
(1 + |2t|)−γ‖φ‖2 − (1 + |2t|)−γ
∑
|x|≥2t
x2
4t2
‖(U t−10 φ)(x)‖2C2
≥ 1
2
(1 + |2t|)−γ‖φ‖2 − (1 + |2t|)
−γ
4
∥∥∥Q(t)
t
U−10 φ
∥∥∥2.
Since U−10 D ⊂ D, we can apply Lemma 3.1. Hence it follows that
Im〈(U0 − U)U t−10 φ,U t0φ〉
≥ 1
2
(1 + |2t|)−γ‖φ‖2 − (1 + |2t|)
−γ
2
∥∥∥Q(t)
t
U−10 φ− V0U−10 φ
∥∥∥2 − (1 + |2t|)−γ
2
‖V0U−10 φ‖2
≥ 1
2
(1 + |2t|)−γ(1− |a|2)‖φ‖2 − κ
2
1
2
t−2,
where we used that U−10 V0 = V0U
−1
0 and Proposition 3.1. By setting κ3 := κ
2
1/2, we have
a desired inequality.
In what follows, we set  as 0 <  < |a|/6. We choose G ∈ C∞0 (R) such that
0 ≤ G ≤ 1, G(s) = 1 if |s| ≤ 2 and G(s) = 0 if |s| ≥ 3.
Lemma 3.5. For any φ ∈ D, there exists a constant κ4 > 0 such that for any t ∈ Z \ {0},
‖(U0 − U)U t−10 φ‖ ≤ κ4(1 + |2t|)−γ + 2‖G(V0)φ‖. (3.10)
Proof. It follows that
‖(U0 − U)U t−10 φ‖2
=
∑
|x|<2t
|1− ei(1+|x|)−γ |2‖(U t−10 φ)(x)‖2C2 +
∑
|x|≥2t
|1− ei(1+|x|)−γ |2‖(U t−10 φ)(x)‖2C2
≤ 2
∑
|x|<2t
‖(U t−10 φ)(x)‖2C2 + (1 + |2t|)−2γ
∑
|x|≥2t
‖(U t−10 φ)(x)‖2
≤ 2‖EQ/t((−2, 2))U t−10 φ‖2 + −2γ(1 + |2t|)−2γ‖φ‖2,
where for a self-adjoint operatorA, EA(·) is the spectral measure ofA. Since ‖EQ/t((−2, 2))φ‖ ≤
‖G(Q/t)φ‖, it follows that
‖(U0 − U)U t−10 φ‖2
≤ 2‖G(Q(t)/t)U−10 φ‖2 + −2γ(1 + |2t|)−2γ‖φ‖2
≤ 4‖G(Q(t)/t)U−10 φ−G(V0)U−10 φ‖2 + 4‖G(V0)φ‖2 + −2γ(1 + |2t|)−2γ‖φ‖2
≤ 4κ22t−2 + −2γ(1 + |2t|)−2γ‖φ‖2 + 4‖G(V0)φ‖2,
where we used Lemma 3.3 in the last inequality. We note that for any t ∈ Z \ {0},
t−2 ≤ 9(1 + |2t|)−2γ follows. Hence it is seen that
‖(U0 − U)U t−10 φ‖2 ≤
(
36κ22 + 
−2γ‖φ‖2
)
(1 + |2t|)−2γ + 4‖G(V0)φ‖2.
We choose κ4 as κ4 := (36κ
2
2 + 
−2γ‖φ‖2)1/2. Then the lemma follows.
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Proof of Theorem 2.1 (0 < |a| < 1). We take 0 6= φ ∈ D such that EV0((−3, 3))φ = 0.
Then G(V0)φ = 0. We only consider the case t → ∞. We suppose that the limit
φ+ = limt→∞ U−tU t0φ exists. Since ‖U tφ+ −U t0φ‖ = ‖φ+ −U−tU t0φ‖ → 0 (as t→∞), we
can take N ∈ N so that ‖U tφ+−U t0φ‖ ≤ (1− |a|2)(4κ4)−1‖φ‖2 if t ≥ N . For t2 > t1 > N ,
an application of Lemma 3.4 and Lemma 3.5 yields that
Im〈{W (t2)−W (t1)}φ, φ+〉
=
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U t0φ+〉+
t2∑
t=t1+1
Im〈(U0 − U)U t−10 φ,U tφ+ − U t0φ〉
≥
t2∑
t=t1+1
{1
2
(1 + |2t|)−γ(1− |a|2)‖φ‖2 − κ3t−2
}
− ‖U tφ+ − U t0φ‖
t2∑
t=t1+1
{
κ4(1 + |2t|)−γ + 2‖G(V0)φ‖
}
≥ 1
4
(1− |a|2)‖φ‖2
t2∑
t=t1+1
(1 + |2t|)−γ − κ3
t2∑
t=t1+1
t−2
→∞ (as t2 →∞).
On the other hand, Im〈{W (t2)−W (t1)}φ, φ+〉 is bounded by 2‖φ‖2. This is a contradic-
tion.
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